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Abstract
We present a simple method to derive the semiclassical equations of motion for
a spinning particle in a gravitational field. We investigate the cases of classical,
rotating particles, i.e. the so-called pole-dipole particles, as well as particles with
an additional intrinsic spin. We show that, starting with a simple Lagrangian,
one can derive equations for the spin evolution and momentum propagation in the
framework of metric theories of gravity (general relativity) and in theories based on
a Riemann-Cartan geometry (Poincare´ gauge theory), without explicitly referring
to matter current densities (spin and stress-energy). Our results agree with those
derived from the multipole expansion of the current densities by the conventional
Papapetrou method and from the WKB analysis for elementary particles.
PACS number: 04.50+h, 04.20.Fy
1 Introduction
It is of interest to have an alternative method of deriving the Mathisson-Papapetrou
equations (see [1] and [2]) not only because the conventional procedure is rather lengthy,
but more importantly, because one might get a better insight into the interpretation of
the various quantities involved (see also [3] for a detailed analysis of the classical method).
For instance, in Riemann-Cartan space, there exists a large variation of possibilities of
how to define the momentum vector which eventually lead to differences in the final
equations (see [4] and [5], especially the remarks at the end of [5]). Furthermore, if we
consider a specific solution for the metric and the torsion fields, it would be convenient to
have a Lagrangian into which we can plug the results and derive the equations of motion
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by varying the Lagrangian, instead of plugging the solution directly into the equations
of motion. For instance, in general relativity, one usually substitutes the Schwarzschild
metric into the Lagrangian L = mgiku
iuk and not into the geodesic equation, which
would require to evaluate the complete Christoffel symbols. In this way, one can take full
advantage of the symmetries of the problem. The aim of this article is therefore to find
suitable generalizations of L = mgiku
iuk that allow for the description of particles with
spin (classical and intrinsic) moving in a Riemann-Cartan geometry.
To avoid confusion, let us make a remark on the language we will use throughout this
article. We will use the expression classical spin of a body to denote its orbital angular
momentum in its (center of mass) rest frame. The word classical is used to distinguish it
from the intrinsic spin which is of quantum mechanical origin, and the word spin is used
to emphasize that we are always talking about the angular momentum in the rest frame.
When talking about intrinsic spin, we either refer to the intrinsic spin of an elementary
particle, or to the total intrinsic spin of a macroscopic body as a result of the polarization
of its constituent particles, for instance in a ferromagnet or in a neutron star. The word
spin may refer to both classical and intrinsic spin.
Several attempts have been made for a Lagrangian description in the past and results
were achieved not only in general relativity for the classical multipole particle [6], but
also for point particles with intrinsic spin in a Riemannian space [7], [8]. We will review
these cases, discuss differences in our derivation method and generalize to particles with
intrinsic spin and dipole moment (classical spin) in a general Riemann-Cartan space.
Let us use the example of a test particle in an electromagnetic field to illustrate how
we will manage to achieve equations for the position as well as for the spin evolution, from
a single Lagrangian, without referring to the field equations or the Bianchi identities.
The Lagrangian of a charged particle reads
L =
m
2
giku
iuk − eAiui.
The charge e is of course the integrated current jm and its conservation law e˙ = 0 (the
dot denotes the time derivative with respect to proper time τ) can be derived from the
relation jm;m = 0 which is a consequence of the field equations. However, we do not want
to refer to the field equations at all and we will ignore the relation e˙ = 0 for the moment.
The equations of motions are then derived in the form
mDˆui = eF iku
k + Ai
de
dτ
.
The symbol Dˆ denotes the covariant derivative with respect to the proper time τ . Without
knowing the Maxwell equations, we certainly know that they are gauge invariant with
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respect to Am → Am + f,m and consequently this should be the case for the equations
of motion too. We therefore have to require e˙ = 0. In this way, we are let to the charge
conservation equation as well as to the correct equation of motion. How do we know
that the field equations will be gauge invariant? Well, the action for the Maxwell field is
constructed under exactly this requirement. The gauge invariance is more fundamental
then the field equations themselves. It incidentally leads to the unique Lagrangian F 2.
(This will not be the case for the local SO(3, 1) gauge invariance of Poincare´ gauge theory,
which allows for a whole family of Lagrangians.)
In the same way, we will derive the equations for the evolution of the intrinsic spin
and/or classical spin by investigating the covariance properties of the momentum equation
with respect to coordinate transformations and/or Lorentz gauge transformations.
In the next section, we derive in this way the Mathisson-Papapetrou equations for the
pole-dipole particle in general relativity. In section 3, we generalize the result to Riemann-
Cartan geometry and finally in sections 4 and 5 we investigate the case of particles with
intrinsic spin and of macroscopic spin polarized bodies. To get more confidence in our
procedure, we will re-derive in section 6 the equations of motion for the case of the
Dirac particle using an alternative method. In section 7 we consider as an illustrative
example the precession equation of a spinning particle in the torsion field arising in Brans-
Dicke theory generalized to Riemann-Cartan space. Finally, in section 8, we analyze the
symmetry properties of the Lagrangian itself, as opposed to the equations of motion.
2 The classical Mathisson-Papapetrou equations
In this section, we consider a classical (i.e. without intrinsic spin) pole-dipole particle
moving in a curved, Riemannian spacetime.
Instead of postulating a Lagrangian, we will try to derive it from simple considerations.
The following manipulations, although not mathematically rigorous, will provide us with
a strong motivation for the Lagrangian (8) which will be our starting point.
In general relativity, the geodesic equations for a body of mass m are derived from the
following Lagrangian
L =
m
2
giku
iuk.
First, consider the body to be constituted from freely moving test particles, moving all in
a given exterior field. Then, the Lagrangian can be written as
L =
∑
l
m(l)
2
gik(x(l))u
i
(l)u
k
(l). (1)
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However, in order to describe an extended, rotating body, the coordinates of the
different constituents will have to fulfill certain constraints, due to the rigid structure of
the body. We now follow the method that is usually used on post-Newtonian Lagrangians
(see [9] for instance) and also in classical mechanics, but we will apply it directly to the
covariant form (1). LetX i denote the center of mass of the body. (We avoid the difficulties
and ambiguities concerning the definition of the center of mass in general relativity. We
just suppose that there exists a vector X i whose spatial components Xα, α = 1, 2, 3 agree
in some limit with the Newtonian center of mass.)
Then, for the coordinate of a mass element of the body we can write (we omit the
index denoting the mass element)
xi = X i + ρi, (2)
and for the velocity of the same mass element
ui = V i + ωikρ
k, (3)
with antisymmetric ωik and V i = dX i/dτ . Just as in the original work of Papapetrou [2],
we suppose ρ0 = 0 in a certain reference frame. If we set in the same frame ωi0 = 0, the
quantity ωik is clearly the angular velocity in four dimensional form, i.e. we have for the
spatial part ενµλωλ = ω
µν and the three velocity reads ~u = ~V + ~ω × ~ρ. Consequently, ωik
is related to the angular momentum (the classical spin) through
Sik = Iωik, (4)
where I is the moment of inertia of the body, defined as in classical mechanics, i.e. we
have in the spherical case I = Ixx = Iyy = Izz, with Iµν =
∫
(−gµνρ2 − ρµρν)dm.
We will use the three dimensional relation
1
2
Igµν = −
∫
ρµρν dm. (5)
This relation can be found in [10] (§106, problem 4) and also in [9]. It is easily proved
by taking its trace and using the fact that Ixx = Iyy = Izz. (In the expression for the
moment of inertia, the metric can be considered to be independent or ρ, since the integrant
is already of order ρ2. See expansion below.) Note that (5) is essentially a Newtonian
order relation. There is no univoque generalization of the concept of moment of inertia
in the framework of general relativity.
Since by definition, X i is the particle’s center of mass, we have∫
ρidm = 0. (6)
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This equation, again, can only be correctly understood at the Newtonian level. We do
not specify the integration meter dm in general, but just assume that it has the correct
Newtonian limit. We now write (1) in the form L =
∫
1
2
gik(x)u
iuk dm and expand the
metric gik(x) = gik(X) + gik,l(X)ρ
l. By using (3)-(6), and retaining only the first order
metric perturbations and terms at most linear in ωik we find
L =
m
2
gikV
iV k − 1
2
gik,mS
imV k, (7)
where V i = dX i/dτ . Note that the terms linear in ρ do not contribute because of (6).
Since ρi has been eliminated, we can now leave the frame where ρ0 = ωi0 = 0 and consider
Sim as a four dimensional antisymmetric tensor.
Using the symmetry properties of the Christoffel symbols Γˆlkm and of S
im, we can
finally write (7) in the simple form (we change the notation from V i to ui)
L =
m
2
giku
iuk − 1
2
ΓˆlkmS
k
l u
m. (8)
This Lagrangian (generalized to higher order multipole terms) has been used in [6], start-
ing from Newtonian quantities and looking for four dimensional generalizations. A La-
grangian approach for spinning media can also be found in [11].
Let us emphasize once again that the whole dervivation that led to (8) is essentially
based on Newtonian physics and can therefore not be used to conclude, or even to prove,
that (8) is the correct Lagrangian for the description of the dipole particle. The arguments
make however clear that (8) is probably a good candidate to start with, because by
construction, it will certainly lead to equations that possess the correct Newtonian limit.
Beyond that, we can only compare the equations of motion dervived from (8) with those
derived by other means (as the Papapetrou method) or directly with experiment. In this
sense, we simply postulate the Lagrangian (8) and forget about its origin.
Since Sik is an integrated quantity, it is a function of proper time only, without explicit
xi-dependence. Therefore, the Euler-Lagrange equations are found to be
mDˆum = −1
2
(Γˆlki,m − Γˆlkm,i)S kl ui +
1
2
ΓˆlkmS˙
k
l . (9)
Next, the authors of [6] proceed as follows. In a coordinate system where Γˆlik = 0,
equation (9) can be written as
mDˆum = −1
2
Rˆl kmiS
k
l u
i, (10)
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and since this is a tensor equation, it has to be valid in every coordinate system. In
this way, starting with a more general Lagrangian, they were able to derive equations of
motion very effectively, including up to octupole moment contributions. Apart from (10),
the spin evolution equation was written down as covariant generalization of the Newtonian
precession equation. In brief, this method consists in looking for covariant equations that
have the correct Newtonian limit. In a Riemannian theory, this is a very powerful tool
and is infallible in the sense that there is only one covariant generalization to a given
Newtonian equation, as long as we suppose that the minimal coupling prescription is
valid (that is, matter fields should not couple directly to curvature).
Here, we will follow a different procedure. Since we will later on generalize our ge-
ometry to Riemann-Cartan space, there will in general be more than one way to write
a certain Newtonian equation in a covariant form. For instance, both the geodesic and
the autoparallel equation, although they differ in a general Riemann-Cartan geometry
and although they are both covariant, reduce to the correct, free particle motion in the
absence of gravitational fields (curvature and torsion). Therefore, the mere knowledge of
the Newtonian limit is not enough to fix the general form of an equation.
We proceed as in the electromagnetic analogy in the introduction. We claim that (9)
is already covariant as it stands and look at the consequences of this claim. If we complete
the first two terms of the r.h.s. of (9) to form the curvature tensor, we find
mDˆum = −1
2
(Γˆlki,m − Γˆlkm,i + ΓˆlnmΓˆnki − ΓˆlniΓˆnkm)S kl ui
+
1
2
(ΓˆlnmΓˆ
n
ki − ΓˆlniΓˆnkm)S kl ui +
1
2
ΓˆlkmS˙
k
l .
It is now easy to recognize the covariant derivative DˆS kl in the second row. Thus, we
have
mDˆum = −1
2
Rˆl kmiS
k
l u
i +
1
2
ΓˆlkmDˆS
k
l . (11)
For this equation to be covariant, we have to require in addition
DˆSik = 0. (12)
In this way, we finally get equations (10) and (12) from the Lagrangian (8). They are in
agreement with the Mathisson-Papapetrou equations in the required order of precision,
i.e. if one identifies momentum with mui (see below).
To summarize our procedure, we suppose that equations (11) are correct (apart from
higher multipole terms of course) and since ultimately, they were derived from (1), they
have to be covariant. This claim leads to a constraint, the spin evolution equation. There
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is a certain similarity between this method and the original derivation of Papapetrou [2].
Papapetrou begins with a symmetric stress-energy tensor and finds, after having expanded
up to the dipole order, an expression for the integrated stress-energy tensor that is not
apparently symmetric. The claim that it should be symmetric then leads to a constraint
which is just the spin evolution equation.
Last, we remark that there is a tiny difference between (10) and (12) and the equations
originally derived by Papapetrou in the sense that the momentum P i of the latter is
identified with mui in our equations, whereas the correct relation reads Pi = mui +
DˆSiku
k. We will derive the correct equations in the next section; we note however that
the difference can be shown to be of second order in the spin and of first order in the
curvature (see [3] or [12]) and is thus negligibly small compared to the other terms. On
the other hand, it has been shown in [13] that (10) and (12) can actually be derived from
the original Papapetrou equations by a slight redefinition of the center of mass of the
body and can thus equally well be considered as exact (since we have not specified our
definition of center of mass). (See also [9] on the issue of the center of mass redefinition.)
3 The pole-dipole particle in Riemann-Cartan space
We now turn to a classical pole-dipole particle moving in Riemann-Cartan geometry. We
know that, since torsion couples only to the intrinsic spin, the classical pole-dipole particle
should behave exactly in the same way as in a purely Riemannian space. It is however
necessary to have at our disposal a consistent method of re-deriving the same equations in
the full Riemann-Cartan framework for the later generalization to particles with intrinsic
spin.
Let us first give a short review of the basic concepts of Riemann-Cartan geometry
and fix our notations and conventions. For a complete introduction into the subject, the
reader may consult [14]-[17] and the extensive reference list in [17].
Latin letters from the beginning of the alphabet (a, b, c . . .) run from 0 to 3 and are
(flat) tangent space indices. Especially, ηab is the Minkowski metric diag(1,−1,−1,−1)
in tangent space. Latin letters from the middle of the alphabet (i, j, k . . .) are indices in
a curved spacetime with metric gik as before. We introduce the independent gauge fields,
the tetrad eam and the connection Γ
ab
m (antisymmetric in ab), as well as the corresponding
field strengths, the curvature and torsion tensors
Rablm = Γ
ab
m,l − Γabl,m + ΓaclΓcbm − ΓacmΓcbl
T alm = e
a
m,l − eal,m + ebmΓabl − eblΓabm.
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The spacetime connection Γiml and the spacetime metric gik can now be defined through
eam,l + Γ
a
ble
b
m = e
a
iΓ
i
ml
eai e
b
kηab = gik.
It is understood that there exists an inverse to the tetrad, such that eai e
i
b = δ
a
b . It can
easily be shown that the connection splits into two parts,
Γabm = Γˆ
ab
m +K
ab
m,
such that Γˆabm is torsion-free and is essentially a function of e
a
m. K
ab
m is the contortion
tensor (see below). Especially, the spacetime connection Γˆiml constructed from
eam,l + Γˆ
a
ble
b
m = e
a
i Γˆ
i
ml
is just the (symmetric) Christoffel connection of general relativity, a function of the metric
only. This notation is consistent with that of the previous section.
The gauge fields eam and Γ
ab
m are covector fields with respect to the spacetime index
m. Under a local Lorentz transformation in tangent space, Λab(x
m), they transform as
eam → Λabebm, Γabm → ΛacΛ db Γcdm − Λac,mΛ cb . (13)
The torsion and curvature are Lorentz tensors with respect to their tangent space indices
as is easily shown. The contortion Kabm is also a Lorentz tensor and is related to the
torsion through Kilm =
1
2
(T il m + T
i
m l − T i lm), with Kilm = eiaelbKabm and analogously
for T ilm. The inverse relation is T
i
lm = −2Ki[lm].
Although we introduce the torsion tensor, which can be interpreted as the field strength
corresponding to the translational group, we do not consider (local) translations here. We
require our theory to be invariant with respect to local (tangent space) Lorentz transfor-
mations and general coordinate (spacetime) transformations only. The identification of
the tetrad (or its nontrivial part) as translational gauge potential needs a special treat-
ment and is not needed here. (See however section 8.)
All quantities constructed from the torsion-free connection Γˆabm or Γˆ
i
lm will be denoted
with a hat, for instance Rˆil km = e
i
ae
l
bRˆ
ab
km is the usual Riemann curvature tensor. Fur-
thermore, we will use covariant derivatives with respect to proper time along a trajectory
in the form
DPm =
dPm
dτ
− ΓimkPiuk
DPa =
dPa
dτ
− ΓbakPbuk.
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It is easily shown that DPm = e
a
mDPa, which justifies the use of the same symbol D. Of
course, the same derivative when referring to the torsion-less connection will be denoted
by Dˆ.
For the sake of completeness, and to avoid confusion concerning sign conventions, let
us also derive the conservation laws for the stress-energy tensor and the intrinsic spin
density (for details, see [14]). The stress-energy and spin density are defined by variation
of the matter Lagrangian density Lm as follows
T ai =
1
2e
δLm
δeia
(14)
σ iab =
1
e
δLm
δΓabi
. (15)
Under an infinitesimal Lorentz transformation (13), with Λab = δ
a
b +ε
a
b, where ε
ab = −εba,
the fields transform as
δΓabm = −εab,m − Γacmεcb − Γbcmεac, δema = ε ca emc . (16)
Therefore, the variation of the matter Lagrangian reads, omitting a total divergence
δLm = δLm
δema
δema +
δLm
δΓabm
δΓabm = e(2T
[ac] +Dmσ
acm)εac, (17)
where Dm is defined to act with Γ
ab
m on tangent space indices, and with Γˆ
l
ki (torsion free)
on spacetime indices. The requirement of Lorentz invariance, i.e. δLm = 0, then leads to
2T [ac] +Dmσ
acm = 0. (18)
On the other hand, the connection Γabm and the tetrad field e
a
m are covariant spacetime
vectors with respect to m (thus, ema is a contravariant vector), and under an infinitesimal
coordinate transformation
x˜i = xi + ξi, (19)
the fields transform as
e˜ma (x˜) = e
m
a (x) + ξ
m
,k e
k
a, Γ˜
ab
m(x˜) = Γ
ab
m(x)− ξk,mΓabk. (20)
We are interested in the change of the Lagrangian under active transformations. In order
to evaluate the change of the fields at the same point x, we have to express the transformed
fields with the old coordinates, i.e.
e˜ma (x) = e˜
m
a (x˜)− e˜ma,k(x˜)ξk, Γ˜abm(x) = Γ˜abm(x˜)− ξkΓabm,k(x˜). (21)
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We then find for the variation, to first order in ξ
δema = e˜
m
a (x)− ema (x) = ξm,k eka − ξkema,k, (22)
δΓabm = Γ˜
ab
m(x)− Γabm(x) = −ξk,mΓabk − ξkΓabm,k. (23)
The change in the Lagrangian therefore reads
δLm = δLm
δema
δema +
δLm
δΓabm
δΓabm
= −2(eT ameka),kξm − 2eT amema,kξk + (eσ mab Γabk),mξk − eσ mab Γabm,kξk. (24)
Requiring δLm = 0 and regrouping carefully the terms, we finally get
(DmT
m
b)e
b
k + T
m
bT
b
mk =
1
2
Rabmkσ
m
ab +
1
2
Γabk(Dmσ
m
ab + 2T[ab]). (25)
The last term vanishes with (18). The first term, written in terms of the usual (torsionless)
covariant derivatives, (denoted with a semicolon ; ) reads
DmT
m
be
b
k = T
m
b;me
b
k −KabmTmaebk
= Tmk;m −K lkmTml ,
and the second term, using the relation T ilm = −2Ki[lm],
TmbT
b
mk = −Tml (K lmk −K lkm).
Therefore, the first two terms of (25) simplify to Tmk;m − Tml K lmk and the equation of
motion finally takes the form
Tmk;m −KimkTmi =
1
2
Rabmkσ
m
ab . (26)
Recall that Kimk is antisymmetric in im, so that classical matter (with T[mi] = 0 and
σ mab = 0) will follow the general relativity relation T
km
;m = 0.
Let us now return to the classical pole dipole particle without intrinsic spin. We will
re-derive the equations of the previous section using the concepts of Riemann-Cartan
geometry.
Based on the form of equation (8), we will try the following Lagrangian
L = eaiPau
i − 1
2
ΓˆabmSabu
m. (27)
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Of course, we have coupled the (classical) spin to the torsion-less connection only. In (27),
the momentum vector Pa and the spin tensor Sab are considered as parameters and are
neither functions of the coordinates nor of the velocities. They can be considered as the
charges of the corresponding gauge fields eam and Γˆ
ab
m.
The Euler-Lagrange equations are then derived in a straightforward manner:
eai,mu
iPa − eam,iuiPa −
1
2
(Γˆabi,m − Γˆabm,i)Sabui = eamP˙a −
1
2
Γabm S˙ab. (28)
We use the same trick as before and express P˙a with the help of DPa and S˙ab with DˆSab.
The result is
DPm − T amiuiPa +KaimuiPa = −
1
2
RˆabmiSabu
i +
1
2
Γˆabm[DˆSab − ubPa + uaPb]. (29)
It is easily shown, using DPm = DˆPm−K lmiPlui and T lmi = −2K l[mi], that the left hand
side is just DˆPm.
In order for the equation to be Lorentz gauge invariant, we have to require
DˆSik = ukPi − uiPk, (30)
and then the momentum equation reduces to
DˆPm = −1
2
RlkimSlku
m. (31)
If we define the mass through Piu
i = m and require uiu
i = 1, we can derive from (30) the
relation
Pi = mui + DˆSiku
k. (32)
Equations (30) and (31), together with (32) are exactly the equations derived by Papa-
petrou in [2]. The equations derived in the previous paragraph differ by the second term
in (32), which, as we have said, is of order S2.
The derivation used in this paragraph shows clearly that the same equations are valid
in every type of Riemann-Cartan spacetime. In the final equations, there is no torsion
involved. The same equations hold, for instance, in a teleparallel theory. Torsion effects
will only arise if we consider particles with intrinsic spin.
4 Particles with intrinsic spin
Particles with intrinsic spin require a more careful treatment, because one can easily run
into problems, as has been clarified in [4]. In this section, we have in mind elementary
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particles (extended bodies with intrinsic spin will be treated in the next section). There-
fore, it seems, at first sight, obvious, to treat them as monopole particles, without dipole
and higher order moments. Let us briefly review the Papapetrou method, as it has been
applied in a Riemann-Cartan framework in [4] and [5], neglecting higher order poles.
We start from equations (18) and (26). It is convenient to write them with spacetime
indices only, and to use the following form
(eσikm),m = −2eT [ik] − Γilmeσlkm − Γklmeσilm (33)
(eTmk),m − ΓˆlkmeTml −KimkeTmi =
1
2
eRil mkσ
m
il , (34)
where e = det eam =
√−g. Then, one considers a worldline Xm and develops all the fields
around this worldline, xm = Xm+ δxm. Apart from (33) and (34), consider the following
equations
(eσikmxn),m = eσ
ikn + xn(eσikm),m (35)
(eTmkx
i),m = eT
i
k + x
i(eTmk),m. (36)
Integrating over three dimensional space and neglecting integrals containing δxm (monopole
approximation), one derives the following equations from (35) and (36) (for details, see
[4]):
uiPk = u
0
∫
eT ikd
3x, with Pk =
∫
eT 0kd
3x, (37)
σlmuk = u0
∫
eσlmkd3x, with σik =
∫
eσik0d3x, (38)
where ui = dX i/dτ . It is easy to show that σik and Pk as defined above are tensors in
the monopole approximation. Using those relations in (33) and (34), we arrive at the
following equations
Dσik = (P iuk − P kui) (39)
DˆPk −KimkumPi =
1
2
Ril mkσilu
m. (40)
This completes the Papapetrou analysis of the monopole particle with intrinsic spin.
However, as has been clarified in [4], there are problems with the above approach. Indeed,
the relation (38) cannot be considered to be generally valid. This is easily seen by con-
sidering the Dirac particle, where σikl is totally antisymmetric. For such a spin density,
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the relation (38) leads to σik = 0, as can be seen by setting one index to zero and using
the antisymmetry properties of σikl.
Applying WKB methods on Lagrangians for particles with integer and half-integer
spins, the following relation that replaces (38) was derived in [18]
u0
∫
eσlmkd3x = σlmuk +
1
2s
[σklum + σmkul], (41)
for a particle with spin s. This reduces to (38) in the limit of large spin, which coincides
with the usual result for the Weyssenhoff spin fluid. Thus, (38) can be considered to hold
for macroscopic spin polarized bodies, whereas elementary particles obey (41). For spin
one-half, we get from (41) a totally antisymmetric spin density.
In order to avoid the relation (38), that arises in the monopole approximation of
the Papapetrou approach, the authors of [4] concluded that one has to include dipole
moments of the particle, i.e. to introduce a classical spin besides the intrinsic spin.
The same has been done in [5], where the Mathisson-Papapetrou equations in Riemann-
Cartan space were derived for the first time. This seems a rather strange concept for an
elementary particle and is problematic from a practical point of view. How can one discern
experimentally the spin and the rotational momentum of an elementary particle? How can
we define the intrinsic spin of an electron if it is not the total angular momentum in the
particle’s rest frame? Therefore, throughout this article, we take the point of view that
the intrinsic spin of an elementary particle corresponds to its total angular momentum
in the rest frame of the particle. There are possible objections to this, especially when
one considers compound particles, like the proton for instance. In such cases, one could
say that the spin is partly due to the spin of the constituent quarks and partly of orbital
nature (some kind of rotation of the quarks around the center of mass of the proton, in a
semiclassical picture). Indeed, experiments are carried out that aim at determining these
different parts. However, the fact that the total spin appears always to be exactly 1/2
leads us to believe that the proton as a whole can be treated quantum mechanically as
a spin 1/2 particle. If the spin is partly of non-intrinsic nature, one has to answer the
question why the orbital part cannot be transferred to other particles and why it always
sums up with the intrinsic part to exactly 1/2. The final answer to this question, however,
should belong to the experiment. To this aim, the full equations, containing intrinsic spin
as well as dipole correction terms, as derived in [4] and [5], could eventually be used.
In order to avoid the problem with equation (38) without taking into account dipole
terms, we will choose another way of dealing with (semiclassical) elementary particles.
Having in mind that the connection Γabm = Γˆ
ab
m+K
ab
m couples linearly to the spin density
in elementary particle Lagrangians, we conclude from the fact that the spin density is of
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the form (41), that the spin-torsion coupling will be of the form
Kikl[σiku
l +
1
2s
σl iuk +
1
2s
σ lk ui] = K
∗ik
lσiku
l. (42)
The left hand side determines K∗ikl to which we will refer as the effective torsion
K∗ikl = K
ik
l +
1
2s
K ikl +
1
2s
Kk il . (43)
Only this part of the torsion will couple to the spin. For a macroscopic spin-polarized
body, K∗ikl reduces to the full K
ik
l and for the Dirac particle (s = 1/2), it reduces to the
totally antisymmetric part of the torsion. All quantities formed from the effective torsion
will be denoted with a star, especially Γ∗abm = Γˆ
ab
m +K
∗ab
m.
Let us now derive the equations of motion for spin and position for a point particle
with intrinsic spin. If we suppose that in a purely Riemannian space, the particle with
intrinsic spin will behave just like a particle with classical spin, we have to introduce
the term −1
2
Γˆabmσabu
m into our Lagrangian (see (27)). If we add to this the spin-torsion
coupling (42), we are led to the following Lagrangian
L = eaiPau
i − 1
2
Γ∗abmσabu
m. (44)
The ultimate physical justification for the use of a specific Lagrangian can only be the
correctness of the equations of motion derived from it.
Just as in the previous sections, we readily derive the Euler-Lagrange equations in the
form
D∗Pm − T ∗amiuiPa = −
1
2
R∗abmiσabu
i +
1
2
Γ∗abm[D
∗σab − Paub + Pbua]. (45)
Requiring the gauge invariance under a local Lorentz transformation, we finally get
D∗Pm − T ∗amiuiPa = −
1
2
R∗abmiσabu
i, (46)
D∗σik = Piuk − Pkui. (47)
In order to compare with the classical geodesics, we can rewrite the first equation as
DˆPm − 1
2
K∗lim(P
lui − P iul) = −1
2
R∗abmiσabu
i. (48)
For a macroscopic spin-polarized body, these equations agree completely with the result
from the monopole approximation in [4], i.e. with equations (39) and (40). However,
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such a macroscopic body will also possess dipole moments and the equations have to be
adopted to that case (see next section). For the spin half particle (totally antisymmetric
torsion), the results agree, if we ignore again the quantity P [iuk], which is of order σ2,
with the results from the WKB analysis of the Dirac equation, as carried out in [19]. Also,
in the same approximation, there is an agreement with the results of [20] for the spin 3/2
particle and of [21] and [22] for the spin 1 or Proca particle.
Thus, there is no need to consider dipole moments while dealing with elementary
particles. The Lagrangian (44) provides a very comfortable method of deriving the correct
equations of motion without reference neither to the gravitational field equations, nor to
the specific matter Lagrangian for the particle under consideration. The only additional
information we needed was relation (41).
Equations (46) and (47) were derived in [7] for the case of a purely Riemannian space
(T alm = 0), following a slightly different procedure. The term Γ
ab
mσabu
m was interpreted
as the Hamiltonian part of a Routhian R and the spin evolution equations were then
derived using the Heisenberg equations dσab
dτ
= i[R, σab] and the commutation relations
for the spin tensor. However, in order to get the correct equations, they had to redefine
the spin tensor and to modify slightly the Routhian. This was due to the fact that their
Lagrangian part was taken to be of the form m
√
uiui. On the other hand, if we start
with the form eaiPau
i and suppose that Pa and σab obey the commutation relations of the
Poincare´ algebra, one gets the correct precession equation following the same procedure
as in [7]. We can see this as an independent confirmation of our method, since the mere
requirement of Lorentz gauge invariance leads to the same result.
In [8], a different method was used, involving additional variables to describe the spin
degrees of freedom. However, although initially intended to describe elementary particles
in Riemann-Cartan spacetimes, the equations actually correspond to the special case
s → ∞. The same holds true for the equations given in [23] and [24]. Another, more
recent attempt to generalize the multipole formalism to Riemann-Cartan geometry can
be found in [25].
5 Macroscopic bodies with intrinsic spin
Finally, we are ready to consider macroscopic spin-polarized bodies. This is probably the
experimentally most important case, since gravitational effects on elementary particles are
usually very small. (See however [26]-[28] for experiments involving gravity on a quantum
mechanical scale.) In this section, we have in mind an extended body, like a neutron
star, for which the spins of the constituent particles are (partially or fully) aligned. In
addition, the body may rotate. From the last two sections, we may expect a coupling of
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the classical spin Sab to the Riemannian connection Γˆ
ab
m, and a coupling of the intrinsic
spin σab to the effective connection, which coincides in the macroscopic case with the full
connection Γ∗abm = Γ
ab
m. Hence we start with
L = eaiPau
i − 1
2
ΓˆabmSabu
m − 1
2
Γabmσabu
m. (49)
We derive the following equations
DˆPm − 1
2
Klim(P
lui − P iul) = −1
2
RˆlkmiSlku
i − 1
2
Rabmiσabu
i
+
1
2
Γabm[Dσab − Paub + Pbua] +
1
2
ΓˆabmDˆSab. (50)
We can now regroup all the terms proportional to Γabm, or equivalently to Γˆ
ab
m, and then
require Lorentz covariance. The result is
DˆPm − 1
2
Klim(P
lui − P iul) = −1
2
RˆlkmiSlku
i − 1
2
Rabmiσabu
i − 1
2
KikmDˆSik (51)
and for the spin evolution
Dσik + DˆSik = Piuk − Pkui. (52)
We can use (52) in (51) to eliminate the apparent coupling of the torsion to the rotational
moment in the last term. The equations are more or less what could have been expected
right from the start, except maybe for the last term in (51). Our equations agree with
those derived in [4] (for the macroscopic limit s → ∞) using the Papapetrou method in
the dipole approximation.
These equations alone are of course not sufficient to determine the behavior of the body.
An additional relation between the internal and the classical spin has to be assumed. For
a simple model of a neutron star, let us suppose a strong coupling of the form Sik = gσik
with constant g. In this case, we can write (52) in the form
1 + g
g
[
DˆSik +
1
1 + g
K limSlku
m +
1
1 + g
K lkmSilu
m
]
= Piuk − Pkui.
Now, if we introduce the connection
Γ˜ilm = Γˆ
i
lm +
1
1 + g
Kilm, (53)
we can write
1 + g
g
D˜Sik = Piuk − Pkui.
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Multiplying with ui, defining the mass as m = Piu
i and using 1 = uiu
i, we find
Pk = muk +
1 + g
g
D˜Ski u
i, (54)
and the precession equation finally reads
D˜Sik = (ukD˜Sil − uiD˜Skl)ul. (55)
Thus, the intrinsic spin (and also the classical as well as the total spin) is Fermi-Walker
transported with respect to the connection (53).
Introducing the constraint Sik = gσik directly into (49), we see that the connection
(32) governs the whole propagation, and not only the spin evolution. The equation for
momentum propagation is easily derived then.
We used the constraint Sik = gσik mainly as an illustrative example. For realistic
neutron star models, you can consult [29] and [30] for instance. You should however have
in mind that these models rely strongly on general relativity as underlying gravitational
theory. Since the use of our equations of motion naturally suppose that the underlying
theory is a Poincare´ gauge theory with dynamical torsion fields, these models have to
be revisited in view of the modified gravitational interaction. This might lead to severe
changes, since the interior of neutron stars is governed by very strong fields. To derive
such models is beyond the scope of this article.
6 The Dirac particle
In order to gain more confidence in the procedure we followed in section 4, mainly the in
introduction of the effective torsion (43), we will have a closer look at the most important
example, that of a spin 1/2 particle and present an alternative derivation of the equations
of motion.
The Dirac particle is described by the following Lagrangian density
L = i
2
[
ψ¯γmDmψ − D¯mψ¯γmψ
]
+mψ¯ψ, (56)
where Dmψ = (∂m − i2Γabmσab)ψ, D¯mψ¯ = ∂ψ¯ + i2Γabm ψ¯σab and γm = ema γa, with γa the
usual Dirac matrices and σab =
i
4
[γa, γb]. The Dirac equation reads (Tm = T
i
mi)
i(γmDm − γmTm)ψ = mψ. (57)
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The stress-energy tensor (2e)−1 δ(eL)/δeia is found to be
T ai =
i
4
[ψ¯γaDiψ − D¯iψ¯γaψ]. (58)
Several remarks are in order at this point. It is a well known fact that only the totally
antisymmetric part of the torsion couples to the Dirac particle. This follows immediately
from (57), which can be written as
iγmD∗mψ = mψ, (59)
where D∗m is constructed from the connection (43) with s = 1/2. Furthermore, the
Lagrangian (56) is numerically equal to
L∗ = i
2
[
ψ¯γmD∗mψ − D¯∗mψ¯γmψ
]
+mψ¯ψ. (60)
This Lagrangian is preferable from the point of view that it incorporates a minimal cou-
pling principle that can be applied equally well in the Lagrangian or in the field equations.
However, (56) and (60), although they both lead to the same Dirac equation, are not com-
pletely equivalent, since for the latter the stress-energy tensor becomes
T ∗ai =
i
4
[ψ¯γaD∗iψ − D¯∗i ψ¯γaψ]. (61)
which differs from (58) in the non-axial torsion parts contained in the latter. Once again
(61) seems preferable, since the Dirac particle does not couple to these torsion parts.
However, it makes of course a difference which of these tensors actually represents the
source term of the gravitational equations. If we remain in the logic of a Lorentz gauge
theory and have in mind that there might be additional sources with different spin (cou-
pling to other torsion parts), the only consistent way is to write down only Lagrangians
that contain the full connection Γabm, as is the case for (56), even though they might
contain parts which do not couple to the particle in question. Otherwise we can not carry
out the variation with respect to Γabm.
However, as long as we are interested only in the equations of motion for the Dirac
particle (or their semiclassical limit), and not in the gravitational field equations, the
use of either Γabm or Γ
∗ab
m is equivalent. Equations (57) and (59) are exactly the same.
Under this aspect, the use of Γ∗abm is certainly preferable. It can be seen as the physically
relevant connection since it is the connection that really couples to the Dirac particle.
What does this have to do with our equations of motion? Well, our point is that, if we
start, as in the usual Papapetrou procedure, from the divergence relations for the stress-
energy tensor and the spin density, and then define the momentum as Pi =
∫
eT 0id
3x,
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this is already very unfortunate right from the start, since this momentum vector contains
implicitly non-axial torsion parts from (58) which should not couple to the Dirac particle
at all. This explains at least partly why the monopole approximation does not lead to
correct results for elementary particles [4]. A first step should be to look for a divergence
relation involving the tensor T ∗ai and carry out the Papapetrou method on this tensor.
The above considerations are also useful in another aspect. The use of the covariant
derivative D∗m allows us to generalize the proper time formalism, i.e. the covariant gen-
eralization of the Heisenberg equations, to the case of a Riemann-Cartan space. We will
briefly discuss the concepts and refer to [31]-[34] and the references therein for further
details. Notably, in [34], the resulting equations were used to extract for the first time
the precession frequency of the spin of a Dirac particle in an axial torsion field.
One starts with the operator H whose eigenvalue is (the negative of) the mass, Hψ =
−mψ. (The mass is the only available covariant generalization of the classical energy,
apart from the stress-energy tensor.) Then identify (for any operator A)
i[H,A] =
dA
dτ
, (62)
where τ is interpreted as proper time along the semiclassical trajectory. In flat spacetime,
the Hamiltonian is just H = −γipi, with pi = i∂i and EM fields can easily be taken into
account by pi → πi = i∂i + eAi. With this in mind, and having a look at (59), we find
that the Hamiltonian for our case has the form
H = −γmPm, (63)
with
Pm = iD
∗
m = i(∂m −
i
2
Γab∗mσab), (64)
where Γab∗m is again the connection which contains only the totally antisymmetric part of
the torsion. For the velocity operator, we find
ui =
dxi
dτ
= i[H, xi] = γi. (65)
We thus have the expected relation H = −umPm = −m. Let us have a look at the
Heisenberg algebra for momentum and position operators. We have:
[xi, xk] = 0, [Pi, x
k] = iδki ,
[Pi, Pk] =
i
2
R∗cdikσcd.
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This is in complete analogy with the EM case (just recall the relation [πi, πk] = ieFik). A
useful relation is also [Pi, γ
k] = −iγlΓ∗kli = −iγl(T ∗kil + Γ∗kil).
Writing down the commutation relations for Pm, γ
i and σab with the Hamiltonian, it
is straightforward to derive the following equations of motion
D∗σlk = Pluk − Pkul (66)
D∗Pm = −1
2
R∗cdmku
kσcd + T
∗k
mlu
lPk (67)
D∗ui = −σmiPm. (68)
Of course, D∗ appearing here is again the proper time derivative acting on tensors (not
on spinors) with Γ∗ilm. Relation (68) has been related to the zitterbewegung and has no
classical counterpart (see [31]). The other two are exactly our equations (46)-(47).
Both derivations, the one of section 4 and the present one, although conceptionally
quite different, lead to the correct results of the WKB analysis [19]. In both cases, the
crucial step was to use the correct connection containing only the part of the torsion that
effectively couples to the spin density.
7 Spin-polarized test body in Brans-Dicke theory
Finally, we will take a look at a specific example involving the equations derived in section
5. Since in most practical cases, intrinsic spin effects will be very small (see however [26]-
[28]), we turn to a theory that gives rise to a torsion field even in the absence of a spinning
source, namely Brans-Dicke theory generalized to Riemann-Cartan geometry. The theory
is based on the action
S =
∫
e
(
ϕR− ω +
3
2
ϕ
ϕ,mϕ
,m − Lm
)
d4x. (69)
It is easily shown by solving the equation that arises from variation with respect to the
connection, that in the case of a spinless matter Lagrangian (the source), we get a torsion
field of the form (cf. [35], [36]),
K lmi =
1
2ϕ
(δliϕ
,m − δmi ϕ,l). (70)
The field ϕ and the metric gik are subject to the classical Brans-Dicke field equations, as
can be seen by plugging (49) into the equations for ϕ and eam. The torsion (70) is entirely
determined by its trace alone. It is often claimed (probably having the Dirac particle in
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mind), that such a torsion field is pure gauge, and does not lead to physical consequences.
However, if the spin of the test particle moving in this field is not totally antisymmetric,
there might well be a measurable effect.
We are interested in a macroscopic test body with intrinsic spin moving in the field
of a classical, spherically symmetric source. (For equations of motion of a classical point
mass in Brans-Dicke theory, see for instance [37] and references therein.) For simplicity,
although not quite realistic, let us suppose that the test body does not rotate. The
spin evolution is then described by equation (52) with Sik = 0. We proceed as in [4]
and introduce the spin vector σi = 1
2
ηiklmukσlm where η
iklm = 1
e
εiklm. If we impose the
condition σklu
k = 0 we can invert to σik = −ηiklmulσm. Omitting the higher order terms,
we are left with
Dσi = Dˆσi +Kilmσ
lum = 0. (71)
We are not interested in the momentum equation, because the deviations from the
geodesics are expected to be very small.
Since the metric and scalar field are determined from the same equations as in classical
Brans-Dicke theory, we can directly use the results from the post-Newtonian expansion
as given in [38] for instance, and write
ϕ = 1 + c
m
r
(72)
g00 = 1− 2am
r
(73)
gαβ = δαβ(−1− 2bm
r
). (74)
The coefficients read
a = 1− s
2 + ω
(75)
b =
1 + ω
2 + ω
(1 +
s
1 + ω
) (76)
c =
1− 2s
2 + ω
. (77)
Here, m is the mass of the source body and s its sensitivity (see [38] and references
therein). The sensitivity is basically the binding energy per unit mass. Recall that
the static spherically symmetric solution of Brans-Dicke theory is not a one parameter
solution as in general relativity, but depends on more properties of the central source. In
the parameterized post-Newtonian formalism, it turned out that an astrophysical body
can conveniently be described by its mass and its sensitivity. The latter takes values from
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10−6 for a usual star (like the sun) to one half for black holes. Neutron stars have values
around 0.1− 0.3 (see [38]).
We now introduce (72)-(74) into (70) and (71). From the construction of σi, we have
σiui = 0. Using this relation and parameterizing the equation with the time coordinate,
we get the result
d~σ
dt
=
m
r3
[
a+ 2b+ c
2
(~L× ~σ)
−a
2
(~x(~σ · ~v) + ~v(~σ · ~x)) + b~σ(~x · ~v) + c
4
(~v(~x · ~σ) + ~x(~v · ~σ))
]
, (78)
with ~L = ~v × ~x the orbital angular momentum per unit mass of the test body. We have
separated terms antisymmetric and symmetric in (~x,~v). Just as in general relativity, the
latter can easily be shown to have mean values over one orbit that vanish for closed orbits
and that are negligible for the quasi-closed orbits we consider here (i.e. orbits closed, up
to a small spin precession correction).
Thus, the relevant precession equation reads:
d~σ
dt
=
m
r3
a+ 2b+ c
2
(
~L× ~σ
)
. (79)
The torsion corrections come from the term in c.
In the limit ω →∞, the parameters take the values a = 1, b = 1, c = 0 and we get the
well known factor 3
2
from general relativity in the spin precession equation, but this time
for intrinsic spin. This confirms once again the result that in general relativity, a particle
with intrinsic spin behaves just like a particle with classical spin. More precisely, in the
ω →∞ limit, the theory goes over not to general relativity, but to Einstein-Cartan theory
(see [39] for a recent review). Since we consider only spinless sources however, there is no
difference in the resulting solutions. (Even for a spinning source, the differences vanish
outside the source.)
In Brans-Dicke theory, the only case where the torsion vanishes is when s = 1
2
, i.e.
when the source is a black hole. In this case, c = 0 and the scalar field is constant.
The interesting cases are of course when c 6= 0. The largest influence of the torsion
is found for ordinary stars, when s ≈ 0. We can evaluate for this case the ratio of the
torsional part and the other parts for different values of ω, for instance
ω ≈ 500 → c
a+ 2b
≈ 1, 4 · 10−3
ω ≈ 1000 → c
a+ 2b
≈ 6 · 10−4.
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These results can be interpreted in two ways: Within the framework of Brans-Dicke theory
with torsion, they tell us the difference in the precession equation of a classical rotating
test body (which does not couple to torsion) and a spin polarized test body. Thus, we
can in principle determine, whether a body is just rotating or possesses intrinsic spin.
On the other hand, for a spin-polarized body, they tell us the difference between the
precession in classical Brans-Dicke theory without torsion for which the spin precession is
the same for rotational and intrinsic spin and the precession of the same body in Brans-
Dicke theory in a Riemann-Cartan geometry.
The results are easily generalized to the more realistic case of a rotating test body
using (55). More work is involved to get results for the two body problem (for instance
a binary consisting of two rotating, spin polarized neutron stars). However, as far as the
test body is concerned, we have shown that already the pure spin terms are very small.
If there is an additional rotation, the relevant connection will be of the form (53), where
for a realistic neutron star model (Sik >> σik), we will have a large g and therefore, the
torsion effects will become even smaller.
As far as the source is concerned, in a realistic neutron star model, the rotational
effects will by far dominate the spin effects, so that the field will essentially be a Kerr-like
analogue of Brans-Dicke theory. In any case, the torsion outside the source will again be
produced by the scalar field only, because the spin of the source gives rise only to non-
dynamical torsion fields (vanishing outside of the spin density), just as in Einstein-Cartan
theory. A discussion of geodesics and autoparallels (for classical point particles) in such a
Kerr-Brans-Dicke geometry can be found in [40]. These results may easily be generalized
to take into account the spin effects.
Nevertheless, the analysis shows that there are physical consequences of the vector
torsion, although very small, and we cannot consider it as a pure gauge field.
8 Symmetries of the Lagrangian
Throughout this paper, we have obtained the spin evolution equation by requiring the
momentum equation that results from the Euler-Lagrange equations of the Lagrangian
under investigation to be either covariant under spacetime diffeomorphisms in the Rie-
mannian case or under local Lorentz transformations in the Riemann-Cartan case. One
might wonder whether the same argument can be applied directly to the Lagrangian, i.e.
if the requirement of the invariance of the Lagrangian under those transformations leads
to the equation for the spin evolution. We will investigate this subject case by case.
Let us begin with the Lagrangian (8). The only symmetry that occurs in Riemannian
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geometry is the diffeomorphism invariance, which can be written in the infinitesimal form
xi → xi + εi(x). (80)
This contains Lorentz transformations (εi(x) = εikx
k with εik antisymmetric and con-
stant) as well as translations (εi = ai with constant ai) as subcases. The requirement of
the Lagrangian to be invariant (up to a proper time derivative) under (80) leads to the
Euler-Lagrange equations if the Lagrangian is a function of xi and ui alone. However, in
the case of (8), there are additional quantities Sik that transform as a tensor under coordi-
nate transformations. Therefore, the requirement δL = 0 leads to the equation S˙ik = 0, as
is easily shown. This cannot be used as a constraint; it is neither covariant, nor physically
acceptable as equation of motion. Therefore, we can conclude that the Lagrangian (8) is
not a scalar. Covariant under (80) are only the final equations of motions.
However, in the case of the Lagrangians (27), (44) and (49), no such problems occur,
since the quantities Pa and Sab transform as scalars under coordinate transformations.
The requirement for L to be invariant under (80) simply leads to the Euler-Lagrange
equations. In those cases, the scalar character of the Lagrangians is obvious anyway,
since the connection as well as the tetrad field transform as covariant spacetime vectors.
Let us turn to the gauge transformations. We consider the Lagrangian
L = eaiPau
i − 1
2
ΓabmSabu
m, (81)
which stands exemplary for the Lagrangians (27), (44) or (49). (Remember that the
connections, Γabm, Γˆ
ab
m and Γ
∗ab
m all transform in the same way.) Before turning to the
Lorentz transformations, let us make a remark on gauge translations.
In Poincare´ gauge theory, the ten gauge fields Γabm (Lorentz) and Γ
a
m (translations)
alone are not sufficient to write down an invariant Lagrangian. This is due to the fact that
the translational field Γam does not transform homogeneously as Lorentz vector. (It might
even vanish for instance and is certainly not invertible, and thus not suitable to be used
as a tetrad field.) One therefore introduces an additional field ξa (the coset parameters)
transforming as ξa → ξa+εabξb+εa under Poincare´ transformations and defines the tetrad
field as eam = Γ
a
m + Dmε
a. Then, this tetrad field transforms homogeneously as Lorentz
vector (i.e. it is invariant under translations). Therefore, every Lagrangian expressed in
terms of the fields Γabm and e
a
m is trivially invariant under translations. The translational
gauge symmetry is hidden. From this point, we started our discussion of Riemann-Cartan
geometry in section 3. The details and the foundation of this interpretation of Poincare´
gauge theory can be found in [41].
This leaves us with the local Lorentz transformations. The field transformations as
given in section 3 can be written for infinitesimal Lorentz transformations with parameters
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εab(x) = −εba in the form
δΓabm = −Dmεab and δeam = εabebm. (82)
Let us for one moment assume that the quantities Pa and Sab in (81) are invariant (i.e.
scalars). Then, the change in the Lagrangian reads
δL = εabe
b
mPau
m +
1
2
Dmε
abSab. (83)
Dropping a total proper time derivative and using the antisymmetry of εab, this can be
written in the form
δL = −1
2
εab(DSab − (Paub − Pbua)). (84)
Thus, the requirement δL = 0 leads to the correct spin evolution equation DSab = Paub−
Pbua.
However, this result was derived assuming that Sab and Pa are invariant under Lorentz
transformations. Since they are ultimately related to spacetime tensors via Sik = e
a
i e
b
kSab
and Pi = e
a
iPa, we know that they have to transform as Lorentz tensors, as has been
assumed throughout the article. Including this additional variation in (83) leads to δL =
−1
2
εabS˙ab. If we require this to vanish, we are let to equation S˙ab = 0, which not only is
not covariant, but has also to be rejected on physical grounds.
Therefore, we conclude that the Lagrangians (27), (44) and (49) are not invariant
under local Lorentz gauge transformations. Covariant are only the final equations of
motion.
9 Conclusion
Our main result is summarized in the Lagrangians (44) for elementary particles and (49)
for macroscopic bodies. Varying with respect to the coordinates and requiring gauge or
diffeomorphism invariance of the resulting equation, the equations of motion for spin and
position are obtained very easily and without any ambiguities.
The method can be justified by the fact that the results are in agreement with theWKB
analysis of elementary particles and with those obtained from the pole-dipole expansion
following Papapetrou’s method.
We did not discuss in general the final equations in this paper, because they are not
new, except for the result that a rotating, spin-polarized body with a strong spin-rotation
coupling S = gσ, couples to the connection given by (53). Nevertheless, we took the
opportunity to show briefly that the vector-torsion arising in generalized Brans-Dicke
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theory affects the spin precession of a macroscopic body and should not be referred to as
pure gauge.
Finally, we showed that the Lagrangians under investigation are not scalars under the
transformations under consideration, nor does the requirement for them to be invariant
lead to the correct spin evolution equations. This means that the processes of varying
with respect to the coordinates and requiring gauge or diffeomorphism invariance do not
commute.
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